The effect of an exponentially decaying magnetic field on the dynamics of Dirac fermions in 3 + 1 dimensions is explored. The spatially decaying magnetic field is assumed to be aligned in the third direction, and is defined by B(x) = B(x) ez, with B(x) = B0e −ξx/ℓ B . Here, ξ is a dimensionless damping factor and ℓB = (eB0) −1/2 is the magnetic length. As it turns out, the energy spectrum of fermions in this inhomogeneous magnetic field can be analytically determined using the Ritus method. Assuming the magnetic field to be strong, the chiral condensate and the local electric current correlation function are computed in the lowest Landau level (LLL) approximation and the results are compared with those arising from a strong homogeneous magnetic field. Although the constant magnetic field B0 can be reproduced by taking the limit of ξ → 0 and/or x → 0 from B(x), these limits turn out to be singular, especially once the quantum corrections are taken into account.
I. INTRODUCTION
The effects of magnetic fields on systems containing relativistic fermions are subject of intense theoretical studies over the past two decades. These effects include a wide range, from condensed matter physics [1] to high energy physics [2] and cosmology [3] . Theoretical studies deal in the most of these works with the idealized limit of constant and homogeneous magnetic fields. However, this limit is only reliable as long as the scale of field variation is much larger than the Compton wavelength of the fermionic system. As it is shown in [4] , strong and homogeneous magnetic fields lead to the formation of fermion bound states even in the weakest attractive interaction between the fermions. This phenomenon, known as magnetic catalysis of dynamical chiral symmetry breaking [5] , is essentially based on a dimensional reduction from D to D − 2 dimensions in the presence of strong homogeneous magnetic fields in the regime of LLL dominance. However, as it is demonstrated recently in [6] , massless Dirac electrons can also be confined by inhomogeneous magnetic fields in graphene, which is a single layer of carbon atoms in a honeycomb lattice. Electrons in graphene are described by a massless two-dimensional, time-independent relativistic Dirac equation. As it is shown in [6] , magnetic quantum dots can be formed, if one neglects the effects of electron spin and solves the Dirac equation in the presence of a square well magnetic barrier of width 2d, B(x) = B(x) e z , directed perpendicular to the graphene x−y plane, with * Electronic address: sadooghi@physics.sharif.ir † Electronic address: taghinavaz@physics.sharif.ir
, and θ the Heaviside step function. A circularly symmetric magnetic quantum dot arises then by a radially inhomogeneous magnetic field B = B(r)e z (see [6, 7] for more details). In [8] , the bound state solutions and the spectra of graphene excitations in the presence of an inverse radial magnetic field, with B(r) ∼ 1 r , is studied. Analytical solutions for the Dirac equation in the presence of double or multiple magnetic barriers are presented in [9] . The bound spectra of electrons in a magnetic barrier with hyperbolic profile is studied in [10] .
In the present paper, we will focus, in particular, on the solution of Dirac equation in the presence of an exponentially decaying magnetic field. Analytical solution of a quasi-two-dimensional Dirac equation including the spin of a single electron in a magnetic field of constant direction with arbitrarily strong exponentially depending variation perpendicular to the field direction is firstly presented in [11] . In [12] , the probability density and current distributions of Dirac electrons in graphene in the presence of an exponentially decaying magnetic field are determined. The formation of chiral condensate induced by exponentially decaying magnetic fields, in 2 + 1 dimensions, is studied in [13] . The vacuum polarization tensor of 3+1 dimensional scalar Quantum Electrodynamics in the presence of an inhomogeneous background magnetic field, arising from a general plane wave basis for the underlying gauge field, is computed recently in [14] . In order to demonstrate the nonlocal features of quantum field theory in the presence of inhomogeneous background magnetic fields, the vacuum polarization tensor is defined to be local. This turns out to be a useful task providing local information about the nonlocal nature of fluctuation-induced processes [14] . In the present paper, following the same idea as in [14] , we will define a local electric current correlation function (local electric susceptibility), and compute it in the presence of a strong and exponentially decaying magnetic field in the LLL approximation. Eventually, we will compare the result with the electric current correlation function arising from a strong homogeneous magnetic field and discuss the effects of inhomogeneity of the background magnetic field.
The organization of the paper is as follows: In Sec. II A, we will briefly review the Ritus eigenfunction method [15] by solving the Dirac equation in the presence of a constant and homogeneous magnetic field. In Sec. II B, we will introduce an exponentially decaying magnetic field B(x) = B(x)e z , which is assumed to be aligned in the third direction, with B(x) given by B(x) = B 0 e −ξx/ℓB . Here, ξ is a dimensionless damping parameter and ℓ B = (eB 0 ) −1/2 is the magnetic length. Using the Ritus method, the energy eigenvalues and eigenfunctions of a 3 + 1 dimensional Dirac equation in the presence of B(x) will be determined. In Sec. III, we will determine the chiral condensate ψ ψ , using the fermion propagator in the presence of strong homogeneous (Sec. III A) and exponentially decaying magnetic fields (Sec. III B) in the LLL approximation. We will show that whereas ψ ψ in a strong homogeneous magnetic field is constant, ψ ψ in an exponentially decaying magnetic field depends nontrivially on a dimensionless variable u, defined by u = 2 ξ 2 e −ξx/ℓB . In Sec. IV, the local electric current correlation function (local electric susceptibility) χ (i) will be computed in the presence of strong homogeneous (Sec. IV A) and exponentially decaying magnetic fields (Sec. IV B) in the LLL approximation. Here, i = 1, 2, 3 denotes the three spatial directions. As it turns out, in the regime of LLL dominance the electric susceptibility in the perpendicular direction relative to the external magnetic field (i.e. for i = 1, 2) vanishes in both homogeneous and inhomogeneous magnetic fields. The longitudinal component of χ (i) , denoted by χ , turns out to be constant in a homogeneous magnetic field and depend nontrivially on the dimensionless variable u in an exponentially decaying magnetic field. In Sec. V, we will compare the results for the chiral condensate and the local electric current correlation function arising from homogeneous and inhomogeneous magnetic fields and show that the limits ξ → 0 as well as x → 0 are singular. In other words, although in the limits ξ → 0 and/or x → 0, we get B(x) → B 0 , but the values of ψ ψ and χ arising from an exponentially decaying magnetic field in these limits are not the same as ψ ψ and χ arising from a homogeneous magnetic field. This demonstrates the nonlocal features of the quantum vacuum in a strong and spatially decaying magnetic field. As is indicated in Sec. VI, which is devoted to our concluding remarks, the results of this paper are relevant for high energy physics as well as condensed matter physics.
II. ELECTRONS IN EXTERNAL MAGNETIC FIELDS
Ritus eigenfunction method [15] is a powerful tool to study the dynamics of electrons in external electromagnetic fields. It is recently used in [16] to solve the Dirac equation in the presence of a uniform magnetic field in 2+1 dimensions, a uniform electric field in 1+1 dimensions and an exponentially decaying magnetic field in 2 + 1 dimensions (see also [13] ). In [17, 18] , the Ritus method is used to solve the 3+1 dimensional Dirac equation for massless fermions in the presence of a constant magnetic field. In Sec. II A, we will briefly review the results from [18] and will present the solution of the Dirac equation for a single massive electron in the presence of a constant magnetic field in 3 + 1 dimensions. This will fix our notations. In Sec. II B, we will use the same method and will solve the Dirac equation for a massive electron in an exponentially decaying magnetic field. Our results coincide with the result presented in [13] , although our notations are slightly different. We will also present the final form of the fermion propagator in the presence of a uniform and an exponentially decaying magnetic field in Secs. II A and II B, respectively. The results presented in this section will then be used in Sec. III to determine the chiral condensate, and in Sec. IV the local electric current correlation function in the presence of uniform and non-uniform magnetic fields.
A. Electrons in constant magnetic fields
Let us start with the Dirac equation of a single electron in 3 + 1 dimensional Minkowski space in a background electromagnetic field
where Π µ ≡ i∂ µ − eA µ and A µ is the electromagnetic potential. Here, m and e are the electron's mass and electric charge, respectively. The aim is to solve (II.1) and to eventually determine the fermion propagator in the presence of background constant magnetic field B = B 0 e z , aligned in the third direction. Such a constant magnetic field, is built, for instance, by choosing the gauge field A µ in the Landau gauge as A µ = (0, 0, B 0 x, 0). To solve (II.1), we use, as in [16, 17] , the Ansatz ψ = E p up. Here, E p is a diagonal matrix satisfying
and up is a free spinor, that describes an electron with momentump and satisfies (γ ·p−m)up = 0. The Ritus eigenfunction E p and the Ritus momentump in (II.2) are unknown and shall be determined in what follows.
The matrix E p is determined by solving the eigenvalue equation 
where
To determine f ± p (x), it is enough to replace E p (x) from (II.10) in (II.6) to arrive at
Renaming the discrete quantum numbers √ p in the four-momentump by √ p = sgn(eB 0 ) 2|eB 0 |p, and
, with ℓ B the magnetic length defined by ℓ B ≡ |eB 0 | −1/2 , the differential equation in (II.12) can be reformulated in the form of the differential equation of harmonic oscillator, whose center lies inx 0 = p 2 /eB 0 and oscillates with the cyclotron frequency ω c = 2eB 0 [16] ,
As it turns out, the solution to the above equation can be given in terms of parabolic cylinder function [16, 17] 
where n σ is, in general, given by
1 The formp 2 = p 2 0 − p 2 3 − p suggests thatp 1 = 0. Moreover, we have fixedp i = p i , i = 0, 3, where according to (II.5) p i , i = 0, 3 are the eigenvalue of Π i , i = 0, 3, respectively. 2 Note that the general solution forp 2 is either + √ p or − √ p.
Here, we have chosenp 2 = − √ p to have the same notation as in [18] .
Here, p labels the energy (Landau) levels. In the rest of this paper, we will work with eB 0 > 0. According to (II.15), for sgn(eB 0 ) > 0, the condition that n σ ≥ 0 for p = 0, fixes the spin orientation of the electrons in the LLL to be positive (σ = +1). In this case n + will be given by n + = p for all values of p [17] . For this specific choice, the final result for f ± p (x) is the same as the result presented in [18] ,
Hence, for eB 0 > 0, only the positive spin solution f + 0 (x) contributes in the LLL, characterized by p = 0. In other words, f − 0 (x) = f + −1 (x) is undefined and is to be neglected, whenever it appears in a computation.
The energy dispersion relation for an electron in the presence of a constant magnetic field is determined by the Ritus momentum 17) and is given by
The Ritus eigenfunction E p from (II.10) can be used to determine the fermion propagator in the presence of a uniform magnetic field. To do this, the Ansatz ψ = E p up for the electron is to be generalized to a system including particles and antiparticles. Defining the associated creation and annihilation operators, and following the standard steps to determine the propagator [19] , the fermion propagator in the presence of a constant magnetic field is given by (see also [18] )
where Dp ≡ dp0dp2dp3 (2π) 3 , P p (x) is given in (II.11) with f ± p (x) from (II.16), and the Ritus momentump p is given in (II.18). The same expression appears also in [18] . Since we are working with eB 0 > 0, and the spin orientation of the electrons are already fixed in the LLL to be positive, no spin projector appears in (II. 19) , as in the fermion propagators presented in [17] . To understand this, let us notice again that the facts that LLL includes only the positive spin solution, and that negative spin solutions contribute only to the higher Landau levels, are explicitly implemented in the choice p = 0, 1, 2, · · · for positive spin solution 16 ). In Sec. II B, we will use the above method to determine the energy dispersion relation and the propagator for electrons in the presence of exponentially decaying magnetic fields.
B. Electrons in exponentially decaying magnetic fields
In this section, the Ritus eigenfunction method will be used to determine the energy levels of a single fermion in the presence of an exponentially decaying magnetic field B(x) = B 0 e −αxê z , aligned in the third direction. Here, B 0 is the magnetic field at x = 0, α is a dimensionful damping parameter. Later, we will set α = ξ √ eB 0 , where ξ is a given dimensionless damping parameter and eB 0 > 0. The dynamics of this electron in such an inhomogeneous magnetic field is described by the Dirac equation (II.1). To solve it, we fix the gauge, in contrast to the previous case, by
, 0 , as in [13] . With this choice of A µ , the case of constant magnetic field will be recovered by taking the limit α → 0 (or equivalently ξ → 0) in the classical level. Using the Ansatz ψ = Epup, with E p satisfying (II.2), and following the same steps leading from (II.2) to (II.6), we arrive at
where σ = ±1 are the eigenvalues of third Pauli matrix, σ 3 = diag(1, −1). Using in analogy to (II.7), a plane wave Ansatz for E p ,
with ∆ σ defined in (II.8), and
In the above equations, ρ ≡ (t, u, y, z) where u is a dimensionless variable defined by u ≡ 2 α 2 eB 0 e −αx . Moreover,p 2 = p 2 + eB 0 /α, and (x,p) are given as 3 Note that the plane wave Ansatz is justified by [P,
in the previous section [see below (II.9)]. Comparing (II.22) with the differential equation
where L k n (u) is the associated Laguerre polynomial, the quantum numbers k and n σ are given by k = 2 α p 2 2 − p, and
Note that the indices k and n σ in L k nσ are to be positive integers. This implies the following quantization forp 2 and p
leading to k = 2r, with r > 0, and
In (II.26), ⌊a⌋ is the greatest integer less than or equal to a. As it is shown in [11] [12] [13] , s = ⌊p 2 /α⌋ is associated with certain constant length ℓ 0 ≡
, through the relation
where x 0 is a fixed length. At this stage, let us compare, n σ from (II.27) with n σ appearing in (II.15) for eB 0 > 0. 4 As it turns out, in the case of exponentially decaying magnetic field, s − r labels the energy levels. In analogy to the case of constant magnetic field, to keep n σ from (II.27) positive, the electron spin orientation σ in the lowest energy level, characterized by s − r = 0, is fixed to be positive (σ = +1). In this case, we have n ≡ n + = s − r. What concerns the quantum numbers r and s, for r > 0, we get s ≥ r, that guarantees n = s − r ≥ 0. In analogy to the solutions (II.16), for the constant magnetic fields, we arrive therefore at
Comparing to (II.15), nσ from (II.27), is in general given by
with n = s− r = 0, 1, 2, · · · , for positive spin solutions and
with n = s−r = 1, 2, 3, · · · , for negative spin solutions. Using the orthonormality relations of associated Legendre polynomials L 2r n , the normalization factor N n,r is given by
Using finally the projection matrices
, the solution for E n can be brought in the form similar to the Ritus eigenfunction (II.10) and (II.11) for constant magnetic field,
Using the orthonormality conditions for the associated Laguerre polynomials, L 2r n (u), presented in App. A, it is straightforward to derive the closure and the orthonormality relations for E p ,
as well as
with ∆ ± given in (II.8). These relations are similar to the results presented in [13] . Note that the term proportional to δ r,s isolates the contribution of the lowest energy level, characterized by s = r. This term is also proportional to ∆ + , implying that the spin orientation in the lowest energy level for eB 0 > 0 is positive. What concerns the contribution of higher energy levels, we had to distinguish between r = r ′ , r > r ′ and r < r ′ cases. This is because plugging E p from (II.31) and (II.32) in the l.h.s. of (II.34), leads in general to the orthonormality relations similar to (A.1) in App. A, where r and r ′ are not necessarily equal. In App. A, the orthonormality relation (A.1) is determined separately for r = r ′ , r > r ′ and r < r ′ . Using these results, it is straightforward to derive the remaining terms in (II.35), arising from higher energy levels.
To determine the Ritus momentump, we insert the above solution (II.31) and (II.32) for E p in (II.2). After some straightforward algebraic manipulations, where we use the recursion relations of the Laguerre polynomials L 2r n (u), we arrive at
Here, n = s − r and α = ξ √ eB 0 . Comparing the r.h.s. of (II.36) with (II.2), we getp = p 0 , 0, −α n (n + 2r), p 3 , which can alternatively be given in terms of (s, r) and ξ as
Using (II.37), the energy dispersion relation of a single electron in an exponentially decaying magnetic field is given by
which is to be compared with the energy dispersion relation of an electron in the presence of a constant magnetic field from (II.18). Let us notice, that although n = s − r labels the energy levels, in contrast to the case of constant magnetic field, κ = s 2 − r 2 determines the ordering of energy levels. Because of the above mentioned conditions for the integer quantum numbers r > 0, s ≥ r (or n ≥ 0), some value of κ are not allowed. The simplest way to determine κ, is to write it in terms of n and r as κ = n(n + 2r). Choosing r = 1, 2, · · · , then κ turns out to be κ = 0 for n = 0 (or all values of r = s), κ = 3, 5, 7, · · · , 1+2r for n = 1, κ = 8, 12, 16, · · · , 2(2 + 2r) for n = 2, etc. In Secs. III and IV, the summation over energy levels in an exponentially decaying magnetic field will be replaced by
Here, g(r, s) is a generic function, that depends on the quantum numbers r and s. According to the above descriptions, the lowest energy level is then characterized by ∞ r=1 g(r, s = r), or equivalently by ∞ r=1 g(r, n = 0). Following the description presented at the end of the previous section, the fermion propagator of an electron in an exponentially decaying magnetic field is given by (see also [13] )
where E p (ρ) andp κ are given in (II.31)-(II.32) and (II.37), respectively. Using (II.2) and the closure of E p (ρ) from (II.33), it is easy to verify
Here, as in the case of constant magnetic fields, since we are working with eB 0 > 0, the spin orientation in the lowest energy level is fixed to be positive, and the negative spin electrons contribute only to higher energy levels. These facts are explicitly implemented in the choice n = s − r = 0, 1, 2, · · · for positive spin solution F 2r n (u) and n = s − r = 1, 2, 3, · · · for negative spin solution F 
III. FERMION CONDENSATE ψ ψ IN EXTERNAL MAGNETIC FIELDS
In this section, we will determine the fermion condensate ψ ψ in the presence of constant and exponentially decaying magnetic fields. The fermion condensate is defined by [20] 
where G F (x − x ′ ) is the fermion propagator in the presence of an external magnetic field, in general. In [5] , Schwinger's proper-time formalism is used to determine ψ ψ in a constant magnetic field in the LLL approximation. In this section, we will use the Ritus method, and in particular, our results from the previous section to determine ψ ψ first in a constant and then in an exponentially decaying magnetic field, in the LLL approximation, at finite temperature and chemical potential.
A.
ψ ψ in constant magnetic fields
To determine the fermion condensate in a constant magnetic field, let us replace G(x −x ′ ) from (II. 19) in (III.1). Performing the traces over γ-matrices, we arrive at ψ ψ c = −2im ∞ p=0 dp 0 dp 2 dp 3 (2π) 3
where according to (II.
we arrive at ψ ψ c LLL = − imeB 0 π dp 0 dp
The dimensional reduction into two longitudinal dimensions p = (p 0 , p 3 ), which occurs whenever the LLL approximation is used [5] , can be observed in (III.4). To evaluate (III.4), we use
which yields the fermion condensate in the presence of a constant magnetic field in the lowest Landau level,
Here, Λ is an appropriate momentum cutoff. This result coincides exactly with the result presented in [5] , where the method of proper-time is used. Note that although no integration over the coordinatesx = (t, x, y, z) is performed here, the condensate (III.6) is constant inx. This is mainly because of the special form of f + 0 (x) from (II.16) and arises from the integration over p 2 in (III.3) . In Sec. III B, we will show that in the presence of an exponentially decaying magnetic field, the condensate ψ ψ in the LLL depends nontrivially on x. Let us also notice that in massless QED, the mechanism of magnetic catalysis [4, 5] is made responsible for dynamically breaking of chiral symmetry and the generation of a finite dynamical mass in the LLL. Moreover, as it is shown in [21] , apart from a dynamical mass induced by the external magnetic field in the LLL, an anomalous magnetic moment is also induced, so that the dynamical mass in the LLL is to be replaced by the rest energy E 0 , which is a combination of the induced dynamical mass and the anomalous magnetic moment in the LLL. In this paper, we do not consider the effects of dynamically induced anomalous magnetic moment on the dynamically generated fermion mass. The latter arises either as a solution of an appropriate Schwinger-Dyson equation in a ladder approximation or by solving a corresponding gap equation to an appropriate effective potential in the mean field approximation. In what follows, we will compute ψ ψ c LLL from (III.6) at finite temperature T and finite density µ. To do this we use the standard imaginary time formalism, and replace p 0 in (III.4) by ip 4 = i(ω ℓ + iµ), where ω ℓ = π(2ℓ + 1)T is the Matsubara frequency labeled by ℓ. Thus the integration over p 0 is to be replaced by dp 4 2π
where β −1 ≡ T . The fermion condensate ψ ψ c LLL at finite T and µ is therefore given by
To evaluate the integration over p 3 and the summation over ℓ, the relation
from [22] will be used. This relation (III.9) is originally derived in [23] for µ = 0. In (III.9), ζ (s; a)
is the Hurwitz zeta function defined by ζ(s; a) = ∞ k=0 (k + a) −s , where any term with k + a = 0 is excluded. In an evaluation up to O((mβ) 4 ), we get finally
where γ E ∼ 0.557 is the Euler-Mascheroni number and ψ(z) the polygamma function, defined by ψ(z) = In (III.10), the divergent 1/ǫ term is neglected, and the identity ψ(1/2) = −γ E − 2 ln 2 is used.
B. ψ ψ in exponentially decaying magnetic fields
The chiral condensate in an exponentially decaying magnetic field is given by (III.1), where S F (x − x ′ ) is to be replaced by G(ρ − ρ ′ ) from (II.39). Performing the trace of Dirac matrices, we get first
∞ s=r dp 0 dp 3 (2π) 2
where, according to (II.37), ω 2 κ ≡ ξ 2 eB 0 κ+p 2 3 +m 2 and κ = s 2 − r 2 . The expression on the r.h.s. of (III.12) includes the contributions of all energy levels, denoted by r and s, and the terms proportional to (F 2r n ) 2 and (F 2r n−1 ) 2 correspond to the contributions of electrons with positive and negative spins, respectively. In the presence of strong magnetic fields, assuming that the dynamics of the system is solely determined by the LLL, the fermion condensate is given by
× dp 0 dp 3 (2π) 2
in contrast to (III.4). The u-dependent factor behind the integral arises by setting n = 0 in (III.12) and using L 2r 0 = 1 and
Note that in (III.13), the same dimensional reduction to two dimensions, as in the case of constant magnetic field, occurs. Evaluating the p -integration using (III.5), we get
(III.14)
In contrast to (III.6), the fermion condensate in an exponentially decaying magnetic field, (III.14), depends on u = 2 ξ 2 e −ξη with η ≡ x/ℓ B , and ℓ B = (eB 0 ) −1/2 , the magnetic length corresponding to B 0 , the value of the magnetic field at x = 0. Following the same method to introduce finite temperature and chemical potential as in the Sec. III A, we arrive at
In Sec. V, we will compare the chiral condensates (III.6) and (III.14), as well as (III.10) and (III.15), arising from constant and exponentially decaying magnetic fields, respectively.
IV. LOCAL ELECTRIC CURRENT CORRELATION FUNCTION IN EXTERNAL MAGNETIC FIELDS
In this section, we will determine the local electric current correlation function χ (i) (x) in homogeneous and inhomogeneous magnetic fields. It is defined generically by
where i = 1, 2, 3 are the spatial dimensions, and the sub-and superscripts n on χ
F indicate the contribution of each energy (Landau) level to the local electric current correlation function χ (i) (x) and the fermion propagator G F , respectively. Moreover, Dx ≡ dtdydz andx = (t, x, y, z). Up to an integration over x, 6 the above definition is consistent with the definition of electric current susceptibility χ (i) presented in [18] . In what follows, we will replace G F (x −x ′ ) in (IV.2) by (II. 19 ) and (II.39) to determine the local electric current correlation function in constant and exponentially decaying magnetic fields, respectively.
For a constant magnetic field, the contribution of χ
p (x, x ′ ) corresponding to each Landau level, labeled by p, is given by
where Dx = dtdydz. Using (II.19) and plugging
with P p (x) from (II.11) andp p from (II.17) in (IV.3), we arrive after integrating over coordinate and momentum variables, and taking the limit x ′ → x, first at
Here, L y and L z are constant lengths of our probe in second and third spatial directions. They arise from the integration over y and z, respectively. The temperature T in (IV.5) arises from the integration over the compactified imaginary time τ ≡ it ∈ [0, β], where β = T −1 . Performing then the trace over Dirac matrices, and summing over all Landau levels, we get
dp 0 dp 2 dp
where ω 
6 The x direction is specified, because of the specific Landau gauge, which fixes Aµ as is described in Sec. II A.
Note that in general the contribution in the transverse directions i = 1, 2 are not equal. However, in the presence of strong magnetic field, where the dynamics of the system is reduced to the lowest Landau level, p = 0, and we have therefore
which lead to vanishing electric correlation functions in the transverse directions, i.e. χ ⊥ 0 = 0. As concerns the electric current correlation function in direction parallel to the external magnetic field, χ 0 , plugging
from (IV.7) in (IV.6), using the definition of f + 0 (x) from (II.16), and integrating over p 2 , dp 2 2π
[f
we arrive at
3 2 dp 0 dp
Introducing the temperature as in the previous section, and using (III.9) to perform the sum over ℓ, labeling the Matsubara frequencies in 1 β ∞ ℓ=−∞ dp 3 2π
we arrive finally at the components of the electric correlation function in the transverse and longitudinal directions with respect to a constant and strong magnetic field in the LLL approximation
Note that whereas χ ⊥ 0 = 0, the non-vanishing χ 0 does not depend on x, although no integration over x is performed in the definition (IV.3) of χ To arrive at (IV.13), the result from (IV.12) is used. In the chiral limit m → 0, both integrals appearing on the l.h.s. of (IV.12) are infrared (IR) divergent, and the (bare) fermion mass m, plays the role of an IR regulator. Using the relation (III.9) to expand these integrals in a high-temperature expansion, the IR divergences of the integrals appearing in (IV.12) cancel and we are left with an exact, m independent solution for χ 0 , which does not also depend on the chemical potential µ. Note that the above result (IV.13) suggests that for eB 0 ≪ T 2 and L y L z ≪ ℓ 2 B with ℓ B = (eB 0 ) −1/2 , apart from χ ⊥ 0 , χ 0 also vanishes. The electric susceptibility of a massless magnetized QED at zero temperature is recently studied in [24] . According to the mechanism of magnetic catalysis [4, 5] , in massless QED, the exact chiral symmetry of the original QED Lagrangian is dynamically broken by the external magnetic field. In [24] , it is shown that the electric susceptibility in the chirally broken phase at zero temperature is independent of the applied magnetic field. It would be interesting to extend the results presented in [24] to finite temperature and study the temperature dependence of electric susceptibility in chirally broken and symmetric phases of a magnetized QED. This is indeed an open question and we hope to come back to this point in the future.
B. χ (i) (u) in exponentially decaying magnetic fields
In the case of exponentially decaying magnetic fields, the dimensionless coordinate u plays the same rule as x in the previous section. Thus, defining
(IV.14)
in analogy to (IV.3), using (II.39) and plugging G κ (x, x ′ ) = ξ 2 eB 0 dp 0 dp 3 (2π) 2 e
with P 2r n (x) from (II.32) andp κ from (II.37) in (IV.14), we arrive after taking the limit u ′ → u at
where α = ξ √ eB 0 , n = s−r, and, according to (II.37), ω 
∞ s=r dp 0 dp
is given by
where F 2r n (u) is defined in (II.29) . In the LLL, where, according to our explanations in Sec. II B, s = r and therefore κ = 0, the only contribution to χ (i) arises from the positive spin particles. We get therefore 
4 × dp 0 dp
where denotes the third (longitudinal) component of χ (i) in the LLL approximation. In (IV.21), as in Sec. III B, the summation over r can be performed using
and L 2r 0 = 1. Here, I 0 (z) and J 0 (z) are zeroth order modified Bessel functions I and J. Plugging (IV.22) in (IV.21), we arrive at
Introducing the temperature and finite density, using the method introduced in the previous section, and using (IV.12) to perform the integration over p 3 and the sum over the Matsubara frequencies, the transverse and longitudinal components of the local electric current correlation function in the LLL approximation
In the next section, we will compare local electric current correlation functions (IV.13) and (IV.24) arising from constant and exponentially decaying magnetic fields, and discuss the remarkable property of (IV.24) in the limit ξ → 0.
V. DISCUSSIONS
In the previous sections, the chiral condensate ψ ψ and local electric current correlation function χ (i) are computed in the presence of constant and exponentially decaying magnetic fields in the LLL approximation. As it turns out the transverse (i = 1, 2) components of χ (i) vanish in this approximation. Moreover, whereas in the presence of constant and strong magnetic fields ψ ψ c LLL from (III.6) and χ 0 from (IV.13) are constant (as a function of coordinates), they depend, in the presence of exponentially decaying magnetic fields, on a variable u defined by u = 2 ξ 2 e −ξη . Here, η is proportional to the coordinate x, and is given explicitly by η = x/ℓ B , where the magnetic length ℓ B = (eB 0 ) −1/2 . To give an explicit example on η, let us take eB 0 = 15m 19 Gauß, 7 which is the typical magnetic field produced in the early stages of heavy ion collisions at LHC [26] or exists in the interior of compact stars [27] . In this case, the corresponding magnetic length is given by ℓ B ∼ 0.4 fm.
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Taking η = 4, for instance, would mean a distance x = 4ℓ B ∼ 1.6 fm from the origin at x = 0, etc. Note that for the above mentioned LLL approximation to be reliable, we have to consider only small damping parameter ξ and consider the probe in small η from the origin x = 0 with B(x = 0) = B 0 .
In this section, we will compare the values of ψ ψ c LLL from (III.6) with ψ ψ LLL from (III.14), as well as χ LLL from (IV.24), in order to explore the effect of inhomogeneity of the external magnetic field, especially once quantum corrections are taken into account. To do this, let us first 7 We are working in the units where eB = 1 GeV 2 corresponds to B 0 ∼ 1.7 × 10 20 Gauß [25] . 8 As it turns out, the magnetic length ℓ B for eB 0 = 1 GeV 2 is given by ℓ B ∼ 0.63 fm. define the ratio
with u = 2 ξ 2 e −ξη and η = x/ℓ B . In Fig. 1 , C ξ (η) is plotted for different damping parameters ξ = 0.5, 1, 1.26, 2.5 as a function of η = x/ℓ B . Depending on the damping parameter ξ, the condensate ψ ψ LLL arising from an exponentially decaying magnetic field is up to a factor 2.5 greater than the condensate ψ ψ c LLL in the presence of a uniform magnetic field. For ξ ∼ 1.26 the maximum value of the condensate ψ ψ LLL arises at η = 0 or equivalently at x = 0. Let us notice that this interesting observation is indeed in contradiction to our prior expectation, according to which we expect C ξ (η) = 1 at η = 0 (or equivalently at x = 0), because B(x = 0) = B 0 is constant. This indicates the singular nature of η = 0 (or equivalently x = 0), once quantum fluctuations produce a nonvanishing chiral condensate ψ ψ .
The singular nature of C ξ (η) for ξ = 0 is explored in Fig. 2 , where the same ratio C ξ (η) is plotted as a function of the damping factor ξ for η = 0, 0.5, 1, 2 (or equivalently for x = 0, ℓ B /2, ℓ B , 2ℓ B ). For η = 0, C ξ (0) is maximized at ξ ∼ 1.26. For η = 0, however, the maxima of C ξ (η) are shifted to smaller values of ξ. At ξ = 0, the condensate ψ ψ LLL , arising from an exponentially decaying magnetic field, vanishes for all demonstrated values of η. This is again in contradiction to our prior expectation, according to which we expect C ξ (η) = 1 for ξ = 0. This is because for ξ = 0 the exponentially decaying magnetic field B(x) = B 0 e −ξη becomes constant (see Fig. 3 ). The same singular behavior at η = 0 and ξ = 0 is also observed when we repeat the above analysis for the ratio
where χ 0 from (IV.13) and χ LLL (u) from (IV.24) are local electric current correlation functions in the presence of a uniform and an exponentially decaying mag- In Fig. 4 , the ratio χ ξ (η) is plotted for ξ = 0.3, 0.4, · · · , 2 as a function of η. The fact that χ ξ (η) = 1 for η = 0 is again in contradiction to our prior expectation: We know that the x-dependent magnetic field B(x) = B 0 e −ηξ becomes constant for η = 0 (or equivalently x = 0), and therefore the prior expectation is that χ ξ (η) = 1 as well as C ξ (η) = 1 for η = 0. The above observation demonstrates again the singular nature of the limit x → 0, once the quantum effects are to be considered. Another remarkable point here is that, according to Fig. 2 , for η = 0 (or equivalently x = 0) and in the interval 0.5 ξ 4, the ratio C ξ (η) ≥ 1, whereas according to Fig. 4 (see also Fig. 5 ), χ ξ (η) ≤ 1 for η = 0 and in the same interval 0.5 ξ 4. In other words, for η = 0 and in the interval 0.5 ξ 4, 9 the value of the electric current correlation function χ 0 arising from a constant magnetic field is always larger than χ LLL (u) arising from an exponentially decaying magnetic field, whereas in the same interval of ξ, ψ ψ c LLL arising from a constant magnetic field is always smaller than ψ ψ LLL arising from an exponentially decaying magnetic field.
In Fig. 5 , the same ratio χ ξ (η) from (V.2) is plotted as a function of the damping factor ξ for fixed η = 0, 0.5, 1, 2 (or equivalently for x = 0, ℓ B /2, ℓ B , 2ℓ B with ℓ B = (eB 0 ) −1/2 ) from above to below. As it turns out the value of χ LLL (u) for ξ → 0 vanishes, in contrast to our expectation. 7b ). In Fig. 7c , the two curves in Fig. 7a and 7b are reassembled and demonstrate a hysteresis-like curve with increasing ξ. However, since the LLL approximation is only valid for small ξ and η, we shall limit us to the values of ξ ≤ ξ ⋆ for which χ ξ (η) increases with increasing C ξ (η) (Fig.  7a) .
VI. CONCLUDING REMARKS
In the present paper, the effect of exponentially decaying magnetic fields on the dynamics of Dirac fermions is explored in detail. Using the Ritus eigenfunction method, we have first determined the energy spectrum of fermions in this non-uniform magnetic field and compared it with the energy spectrum of relativistic fermions in a constant magnetic field. We have then computed the chiral condensate ψ ψ and local electric current correlation function χ (i) in the presence of strong uniform and non-uniform magnetic fields in the LLL approximation. In non-uniform magnetic fields, ψ ψ and χ (i) depend on a dimensionless variable u = In the LLL approximation, the transverse components of the electric susceptibility, χ (i) LLL , i = 1, 2, vanish and its longitudinal component χ LLL depends also on the variable u, only in the presence of exponentially decaying magnetic fields. We have shown that the limits ξ → 0 as well as x → 0 are singular. In these limits, the x-dependent magnetic field becomes constant, and therefore ψ ψ LLL as well as χ LLL arising from the x-dependent magnetic field are expected to have the same value as in a constant magnetic field. But, as it turns out this is not the case. This remarkable behavior of ψ ψ LLL as well as χ LLL at ξ → 0 and/or x → 0 is discussed in detail in Sec. V. Let us notice that, mathematically, there is a difference between taking the limit of a quantity to zero and setting it exactly equal to zero. This difference is indeed responsible for the singular behavior of the limits ξ → 0 and/or x → 0. When we are looking for the solution of the differential equation (II.22) for non-uniform magnetic fields, for instance, the parameter ξ appearing in u = 2 ξ 2 e −ξ √ eB0x can be very small (ξ → 0), but it cannot be set exactly equal to zero. When ξ = 0, the magnetic field becomes constant, and the differential equation (II.22), leading to the solution (II.31), including associated Laguerre polynomials, has to be replaced by the differential equation (II.13) for constant magnetic fields, leading to Hermite polynomials. There is no way to reproduce the Hermite solution of the latter case from the associated Laguerre solution of the former case, by taking ξ → 0. This is why that although at the classical level the uniform magnetic field is reproduced in these limits from the non-uniform magnetic field, neither the energy spectrum nor the quantum corrections to ψ ψ LLL as well as χ LLL of the constant magnetic fields can be reproduced from their values in the non-uniform magnetic n > n ′ and r ′ > r n > n ′ and r ′ < r n − n ′ > r ′ − r n − n ′ = r ′ − r n − n ′ < r ′ − r ≤ n n < r ′ − r r − r ′ ≤ n ′ r − r ′ > n ′   I1  I2  I3  I4  I5  I6   TABLE I field by taking the limit ξ → 0. We have also shown that for small values of x/ℓ B and ξ, where we believe that the LLL approximation is reliable, the ratio χ ξ (η) from (V.2) increases with increasing ratio C ξ (η) from (V.1) up to a maximum value of ξ, denoted by ξ ⋆ . As it turns out, the value of ξ ⋆ depends on η (see Sec. V).
Let us notice that electric susceptibility (electric current correlation function) of a three-flavor color superconductor is recently computed in a strong homogeneous magnetic field in [28] , and the magnetoelectric effect in a strongly magnetized quark matter is studied in detail. The present work is a second nontrivial example on the effect of external magnetic fields, in general, and spatially decaying magnetic fields, in particular, on electric current correlation function of a system containing relativistic Dirac fermions. Apart from applications in condensed matter physics, the results of this paper may also be relevant in the context of heavy ion collisions. Here, recent experimental activities at RHIC indicate the production of intense magnetic fields in the early stage of non-central heavy ion collisions [26] . Depending on the initial conditions, e.g. the energy of colliding nucleons and the corresponding impact parameters, the spatially varying magnetic fields are estimated to be in the order of B ∼ 10 18 − 10 19 Gauß, decaying very fast, within few femtometers to B ∼ 10 13 − 10 14 Gauß, and vanishing during the hadronization process [26] .
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